Abstract. Let A be an AS-Cohen-Macaulay algebra. We show that if A is of finite CohenMacaulay representation type, then A is a noncommutative graded isolated singularity. This is a noncommutative analogue of a well-known theorem of Auslander and is a generalization of Jørgensen's theorem. Besides, we give an example of a noncommutative quadric hypersurface of finite Cohen-Macaulay representation type in a quantum P 3 which is not a domain. We also give all indecomposable graded maximal Cohen-Macaulay modules over it explicitly.
Introduction
A commutative noetherian ring with only finitely many isomorphism classes of indecomposable maximal Cohen-Macaulay modules is said to be of finite Cohen-Macaulay representation type. Rings of finite Cohen-Macaulay representation type have been studied deeply in commutative ring theory. The following theorem is one of the celebrated results concerning finite Cohen-Macaulay representation type; it was proved by Auslander [2] in the complete case, and by Huneke and Leuschke [7] in the general case.
Theorem 1.1. If R is a Cohen-Macaulay local ring of finite Cohen-Macaulay representation type, then R is an isolated singularity.
The main purpose of this paper is to show a noncommutative graded version of this theorem. Namely, we replace a Cohen-Macaulay local ring in the above theorem by an AS-CohenMacaulay algebra, which plays an important role as a noncommutative analogue of a CohenMacaulay local ring in noncommutative algebraic geometry. The notion of finite CohenMacaulay representation type can be carried over directly to noncommutative graded algebras. Moreover, the idea of noncommutative graded isolated singularity was introduced in [10] ; see also [19] . In the noncommutative case, localizing at a prime ideal is not nearly as nice as commutative localization, so a noncommutative graded isolated singularity was defined by using the noncommutative projective scheme introduced by Artin and Zhang [1] . In [19] , it was shown that AS-Gorenstein isolated singularities have nice properties from the viewpoint both of noncommutative algebraic geometry and representation theory. For example, it was proved that if A is an AS-Gorenstein isolated singularity of dimension d ≥ 2, then the stable category of graded maximal Cohen-Macaulay modules over A satisfies Serre duality. The motivation of this study is to gain a better understanding of noncommutative graded isolated singularities.
The following is the main result of this paper, which is a noncommutative graded analogue of Theorem 1.1 (see Theorem 3.4).
Theorem 1.2. If A is an AS-Cohen-Macaulay algebra of finite Cohen-Macaulay representation type, then A is a noncommutative graded isolated singularity.
We remark that a result of Jørgensen [10, Theorem 2.5] gives the same conclusion but requires that the algebra is Fully Bounded Noetherian (FBN); see [5] for details on FBN. In general, it is difficult to see whether a given AS-Cohen-Macaulay algebra is FBN or not, so in this sense, the above theorem is useful.
Furthermore, in the case of dimension d ≥ 2, we can give another proof of Theorem 1.2 by using graded endomorphism algebras End A (X) of a representation generator X of graded maximal Cohen-Macaulay modules. By this consideration, we see that the graded isolated singularity property of A is closely related to finiteness of global dimension of End A (X) (see Theorem 3.8).
There are still not so many known examples of noncommutative graded isolated singularities. In [10] , Jørgensen gave an example of an FBN AS-Cohen-Macaulay algebra of finite Cohen-Macaulay representation type by considering a fixed subalgebra of S = k⟨x, y⟩/(xy − ξyx) under a finite group action G where ξ is a root of unity. Our main result allows us to extend this result as follows (see Corollary 3.9). Corollary 1.3. Let S be a 2-dimensional AS-regular algebra and G a finite group of graded algebra automorphisms of S. Then S G is a 2-dimensional AS-Cohen-Macaulay algebra of finite Cohen-Macaulay representation type. In particular, S G is a graded isolated singularity.
In the last section, we give a concrete example of a 3-dimensional AS-Gorenstein algebra of finite Cohen-Macaulay representation type which is not a domain, and all indecomposable graded maximal Cohen-Macaulay modules over it. In order to construct this example, we consider noncommutative quadric hypersurfaces in a quantum P 3 , which were previously studied by Smith and Van den Bergh [17] . Note that a commutative homogeneous CohenMacaulay ring of finite Cohen-Macaulay representation type of dimension d ≥ 2 is known to be a domain (cf. [4] ).
Preliminaries
First we fix the basic notations and definitions used in this paper. Throughout, k is a field and A is an N-graded algebra over k, that is, A = ⊕ i∈N A i . We assume that A is two-sided noetherian. We denote by GrMod A the category of graded right A-modules with A-module homomorphisms of degree zero, and by grmod A the full subcategory consisting of finitely generated graded A-modules. Let M be a graded right A-module. Then we define See [22] , [21] for information about balanced dualizing complexes, and [9] , [13] 
Definition 2.3. A noetherian connected graded algebra
Let A be a noetherian graded algebra. A graded module M is called torsion if, for any m ∈ M , there exists n ∈ N such that mA ≥n = 0. We denote by tors A the full subcategory of grmod A consisting of torsion modules, and tails A the Serre quotient category grmod A/tors A. The category tails A can be considered as the category of coherent sheaves on noncommutative projective scheme associated to A (see [1] for details), and it plays an essential role in noncommutative algebraic geometry. In particular, if S is a d-dimensional quadratic AS-regular algebra, then tails S is considered as a quantum P d−1 . Let π : grmod A → tails A be the (exact) quotient functor. We often denote by M := πM ∈ tails A the image of M ∈ grmod A. Note that the k-linear autoequivalence M → M (n) preserves torsion modules, so it induces a k-linear autoequivalence M → M(n) for tails A, again called the shift functor. We define the global dimension of tails A by
See [1, Section 7] for details on Ext-groups in tails A. It is easy to see that if A has finite global dimension, then tails A has finite global dimension. Following [10] (see also [19] ), we define a noncommutative graded isolated singularity as follows.
Definition 2.4. A noetherian connected graded algebra A is called a graded isolated singularity if gldim(tails A) < ∞.
If A is a commutative graded algebra finitely generated in degree 1, then A is a graded isolated singularity in the above sense if and only if the localization A (p) has finite global dimension for any homogeneous prime ideal p ̸ = m. Graded maximal Cohen-Macaulay modules over AS-Gorenstein isolated singularities were investigated in [19] .
Finite Cohen-Macaulay Representation Type
If A is a noetherian connected graded algebra, then A is locally finite, so the category grmod A is Hom-finite, that is, all its Hom-spaces are finite dimensional. Hence grmod A is a Krull-Schmidt category.
Let A be an AS-Cohen-Macaulay algebra. We write CM gr (A) for the full subcategory of grmod A consisting of graded maximal Cohen-Macaulay modules and CM gr (A) ≥n for the full subcategory of CM gr (A) consisting of graded maximal Cohen-Macaulay modules M such that i(M ) ≥ n. Note that the shift functor (1) induces an equivalence functor CM gr (A) ≥n → CM gr (A) ≥n−1 . 
Lemma 3.2. [10, Lemma 2.3] Let A be an AS-Cohen-Macaulay algebra of finite CM-representation type and let
The next lemma is a key point in the proof of the main theorem. 
In particular, A is a graded isolated singularity. 
Since M ≥n is torsion-free for any n ≫ 0, we have depth M ≥n ≥ 1. Let 
where
Then we have a long exact sequence
Since M is graded maximal Cohen-Macaulay, Ext 
, N ∈ grmod A and all i ≥ 1. Proof. When N is graded maximal Cohen-Macaulay, the claim follows easily by taking a free resolution of M and using Lemma 3.2. We now give a proof when N is any finitely generated module. Let
be a minimal free resolution of N where s = depth A − depth N . Then we have an exact sequence
for each 0 ≤ j ≤ s − 1 and each i ≥ 1. Since M, F j are graded maximal Cohen-Macaulay, the first term and the fourth term are finite dimensional over k, so we get 
We focus on the graded endomorphism algebras of a representation generator. Note that those algebras are not connected graded in general.
Definition 3.7.
Let A be an AS-Cohen-Macaulay algebra of finite CM-representation type. We call X a representation generator of CM gr (A) if X is a finitely generated graded A-module such that
where add{X(s) | s ∈ Z} is the full subcategory of grmod A consisting of modules which are isomorphic to direct summands of finite direct sums of modules X(s).
Note that an AS-Cohen-Macaulay algebra A is of finite CM-representation type if and only if CM gr (A) has a representation generator. A representation generator is also called a 1-cluster tilting module (see [19] ).
The following theorem says that if A is AS-Cohen-Macaulay of dimension d ≥ 2 of finite CM-representation type, then a coordinate ring of the noncommutative projective scheme associated to A can be changed to a noncommutative graded regular algebra. This gives another proof of Theorem 1.2 in the higher dimensional case. We remark that the first statement of the following theorem is an analogue of a result of Auslander [2, Theorem A.1] in the commutative complete local situation, and can be proved along the similar lines as in Leuschke's proof [12, Theorem 6] of Auslander's result. But for the convenience of the reader, we include a proof here.
Theorem 3.8. Let A be an AS-Cohen-Macaulay algebra of dimension d. If A is of finite CM-representation type and X is a representation generator of CM gr (A), then the following hold.
(1) End A (X) has global dimension at most max{2, d}.
) is a noetherian graded algebra and there is an equivalence of categories tails A ∼ = tails End A (X). In particular, if d ≥ 2, then A is a graded isolated singularity.
Proof. (1) Put X = add{X(s) | s ∈ Z} and Λ = End A (X). Note that X has canonically a graded Λ-A bimodule structure, and it is well known that Hom A (X, −) induces an equivalence of categories between X and the category of finitely generated graded projective right Λ-modules.
Let N ∈ grmod Λ and take a projective presentation P 1 → P 0 → N → 0. Since we can write P i ∼ = Hom A (X, X i ) where X i ∈ X for each i, we have an exact sequence 
is a graded projective Λ-module. Moreover, by Lemma 3.5, we have Ext 1 A (X, M 2 ) = 0, so Hom(X, ϕ) is surjective. Repeating this step, we can make exact sequences
in grmod A, and . Since X is a representation generator of CM gr (A), X contains A as a direct summand, so it is easy to see that the condition (A1) is satisfied. Using Lemma 3.6, we can prove that the condition (A2) is also satisfied, so (X , (1)) is ample for tails A. The rest is same as the proof of [15, Theorem 2.5] . □ In [10, Section 3], Jørgensen gave an example of an FBN AS-Cohen-Macaulay algebra of finite CM-representation type by considering a fixed subalgebra of S = k⟨x, y⟩/(xy − ξyx) under a finite group action G where ξ is a root of unity. He checked the graded FBN property of S G by using the fact that S is PI. But there exists a 2-dimensional AS-regular algebra which is not PI. Namely, since every PI AS-regular algebra is finite over its center by [18, Corollary 1.2] , it is easy to see that k⟨x, y⟩/(xy − λyx) and k⟨x, y⟩/(xy − yx − x 2 ) are non-PI AS-regular algebras of dimension 2 when λ is not a root of unity and k has characteristic 0. Thanks to our results, we can extend [10, Section 3] as follows.
Corollary 3.9. Let S be a 2-dimensional AS-regular algebra and G a finite group of graded algebra automorphisms of S such that char k does not divide |G|. Then S G is a 2-dimensional AS-Cohen-Macaulay algebra of finite CM-representation type. In particular, S G is a graded isolated singularity.
Proof. By the remarks at the beginning of [11, Section 3] , it follows that S G is noetherian and has a balanced dualizing complex. Moreover, it follows that S G is 2-dimensional ASCohen-Macaulay by [11, Lemma 3.1 (1)]. Similar to [10, Section 3], we can show that S ∈ CM gr (S G ) is a representation generator by using a balanced dualizing module ω S G , so S G is of finite CM-representation type. Hence S G is a graded isolated singularity by Theorem 3.4 (or Theorem 3.8).
□ When S G is AS-Gorenstein, the graded endomorphism algebra End S G (S) is discussed in detail in [15] .
Noncommutative Quadric Hypersurfaces
P. Smith and M. Van den Bergh [17] studied noncommutative quadric hypersurfaces. In this section, we study noncommutative quadric hypersurfaces in a quantum P 3 in order to give an example of a 3-dimensional AS-Gorenstein algebra of finite CM-representation type which is not a domain.
Let A be an AS-Gorenstein algebra. We denote by CM gr (A) the stable category of CM gr (A). Thus CM gr (A) has the same objects as CM gr (A) and the morphism set is given by 
The degree shift functor (1) on grmod A induces an autoequivalence of CM gr (A) that we denote by (1) again. Moreover, via the above category equivalence, the degree shift functor (1) on tails A ! induces an autoequivalence of mod C(A) that we denote by (1) again. Let N ∈ mod C(A). Then N ∼ = N (2) because w is a central regular element of degree two. Proof. For a k-linear Hom-finite category C, we denote by S C the Serre functor of C. By the uniqueness of the Serre functor, we have the following commutative diagram 
Moreover, we have F (M )[−i](i) ∼ = S[i][−i](i) ∼ = S(i
where dotted arrows show the Auslander-Reiten translation τ in CM gr (A). In this paper, we construct a concrete example in the case that A is not a domain. If a commutative homogeneous Cohen-Macaulay ring R of dimension d ≥ 2 is of finite CMrepresentation type, then R is known to be a domain (cf. [4] ). is a bijection where we identify p ∈ P 3 ∼ = P(A 1 ) with p ∈ A 1 which is uniquely determined up to nonzero scalar multiple, so we can compute co-point modules over A up to isomorphism as follows. 
X⟨1⟩
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· · · X⟨8⟩(−2)
o o
X⟨8⟩(−1)
where dotted arrows show the Auslander-Reiten translation τ in CM gr (A). Let X = A ⊕ X⟨1⟩ ⊕ · · · ⊕ X⟨8⟩. Then X is a representation generator of CM gr (A). By Theorem 3.8, it follows that gldim End A (X) ≤ 3 and tails A ∼ = tails End A (X).
